In this paper, we consider the utility indifference pricing and utility-based pricing in the market with transaction costs. The utility maximization problem including contingent claims in the market with transaction costs has been considered by Bouchard(2002) [3] . Following his results, we consider the market equilibrium of contingent claims. In order to do this, specifying the utility function as exponential utility, we deduce the equilibrium in the market with transaction costs. Unlike Davis and Yoshikawa(2010) [7], we have to assume a strong assumption to deduce zero trade equilibrium in a market with transaction costs. It implies that transaction costs can generate a non-zero trade equilibrium under weak assumption.
Introduction
Friction caused by transaction costs is one of the biggest problems for analyzing the market, because of the difficulty of handling it. However, as summarized in Kabanov and Safarian(2010) [14] , since many authors have developed the theory of the market with transaction costs, nowadays, we have an abundance of studies in this field. Like Kabanov and Safarian(2010) [14] , we think the main topics of the theory of the market with transaction costs are approximative hedging, arbitrage theory, and consumption-investment problems. If we consider contingent claims in the market with transaction costs (this problem might be included in consumption-investment problems), the major issue is tackling the super hedging and utility maximization problems. In this paper, we deal with the utility maximization problem of wealth including contingent claims. More precisely, our purpose is not directly dealing with the utility maximization, but embedding wealth with transaction costs into the utility indifference framework and the framework of the utility-based pricing and deducing the equilibrium in the market with transaction costs. The utility maximization problem in the market with transaction costs has developed in several ways. However, every study has derived from the standard framework formulated by Kabanov and Last(2002) [13] . Following this framework, papers of Bouchard (e.g. Bouchard(2000) [2] , Bouchard(2001) [4] , and Bouchard et, al.(2002) [3] ) gave us a significant result about the utility maximization including contingent claims, especially, 'liquidation function', which is a tool to express the total wealth in the market with transaction costs. This is a very useful and strong concept to deduce the solution for the utility maximization problem. Further studies have since been developed to overcome problems related to Kabanov and Bouchard's models; e.g. introducing a bid-ask process which is a generalized concept of transaction matrix and defined as a stochastic process, expansion of the utility function from one dimensional to multi dimensional function, or considering a more expanded setting of utility function, like Kamizono(2004) [15] , Campi and Owen(2010) [5] or Benedetti and Campi(2011[1] .
Our research is based on Bouchard(2002) [3] , because, in this paper, he proved the existence of the solution for the utility maximization problem including contingent claims. Our purpose is not to tackle the utility maximization problem in a more general and abstract setting, but to deduce the equilibrium in the market with transaction costs. Fortunately, Campi and Owen(2010) [5] and Benedetti and Campi(2011) [1] proved the existence of the solution of the utility maximization problem using the multivariate utility function with transaction costs described by the general bid-ask processes with jumps. We believe that our method to deduce the equilibrium is applicable in the more general setting, because the form of the solution of utility maximization of Campi and Owen(2010) [5] and Benedetti and Campi(2011) [1] is essentially the same as the one presented by Bouchard(2002) [3] . Our method to deduce the equilibrium is as follows; by specifying the utility function as an exponential function, we could deduce the clear relationship between the quantity of the contingent claim and the corresponding utility. The most important thing which we found is that the utility indifference price and utility-based price at the point where the quantity is zero are given independently of the risk-aversion of each investor. Using this fact, we can easily deduce the equilibrium in the market with transaction costs. This paper is divided into three parts. In the first part, we set the model of the market with transaction costs and give an overview of the result of Bouchard(2001) [3] . In the next section, we deduce the equilibrium in the market with the transaction costs under the framework of indifference pricing and utility-based pricing. The last section is attributed for concluding remarks.
2 Model, overviews and setting of our problem about the market with transaction costs Following Kabanov and Last(2002) [13] , for the initial capital x ∈ R d , the strategy L and a continuous semimartingale S i , we define the portfolio holdings
+ by the dynamics,
where X i is the i-the factor of X,
t is the cumulative net amount of funds transferred from the asset i to the asset j up to the date t, L 0− = 0, and the matrix (λ ij ) ∈ M d , the set of square matrices with d-lines and non-negative entries, represents the constant proportional costs with zero diagonal which satisfy
We define the solvency region (see, e.g. Kabanov(1999) [12] ),
For this closed convex cone, we can define a partial ordering on R d such that,
A trading strategy L is said to be κ-admissible for the initial holdings x ∈ K if, for a constant κ ≥ 0, the no-bankruptcy condition holds, X
We shall denote by A κ (x) the set of all κ-admissible trading strategies for the initial holdings x ∈ K and we introduce the set
where we fix T as a finite time horizon. This set implicitly denote X ∈ X (x) is uniformly bounded from below. Our purpose is to formulate the indifference pricing in the market with transaction costs, which is based on the utility maximization for X We define the utility function U : R → R as a C 1 -strictly increasing, strictly concave function, and satisfying a condition as follows,
We fix a contingent claim B which is a bounded d-dimensional F T -measurable random variable, assuming that B ≽ −cS T for some c ∈ R.
Using the liquidation function, we can construct the utility indifference framework,
where p(B; x, q) is the utility indifference price (Bouchard et al.(2001) [4] , Bouchard(2002) [3] , and Henderson(2002) [9] calls this price as reservation price) and q is the quantity of the contingent claim B. Theorem 7 of Bouchard(2002) [3] proves that the existence of the solution of left hand side of the above equation 1 . Since we can easily deduce that the existence theorem holds in the case of q = 0 by reading carefully the proof of Theorem 7 of Bouchard(2002) [3] , the existence of the solution of right hand side holds, although the existence is independently proved by Cvitanić and Wang(2001) [6] Furthermore, Theorem 7 of Bouchard(2002) [3] characterizes the solution of the problem sup
] by using the dual problem. To set up the dual problem, we need to define the positive polar of K such that,
Hereafter, we assume that Int(K * ) ̸ = ∅. We need to define the subset of X (x) such that,
Based on this subset, we define three convex cones as follows,
where V (·) is a dual function of U (·). Theorem 7 of Bouchard (2002) shows that, for the dual problem 
where
Equilibrium in the market with transaction costs
We specify the utility function as U (r) :
From the property of the Fenchel transform, the domain of V (r ′ ) is given by r ′ ≥ 0. Therefore,
Let M X (x) be the set of super martingale for X ∈ X + (x) and for all Q ∈ M X (x) the relative entropy
From the definition of Y + , for a super martingale measure
Therefore, we can calculate of w q (x) continuation, as below,
On line 2, we use the property of the liquidation function; l(x) = inf{yx : Bouchard(2002) [3] ) and on line 3, we use the fact that, for a constant c, Bouchard(2002) [3] , Proposition 2.1(e) of Bouchard et al.(2001) [4] , and Proposition 2.1 (iii) of Bouchard(2000) [2] ). The optimal y 1 is given by,
Hereafter, we write the solution of inf Q∈M X (x)
From the definition of I(·), I(x)
. So,
Note that Remark 9 of Bouchard(2002) [3] . Then, since
The utility indifference framework is rewritten as,
It is equivalent to write this framework is rewritten as follows,
. And, u(q; x, γ) := u(X x,q , q; γ), then the indifference framework is,
Analyzing u(X x,L , q; γ), we will characterize the indifference framework in the market with transaction costs. From the definition, u(X x,q , q; γ) ≤ u(X x,L , q; γ). For optimalX x,q which is the solution for the quantityq,
where on line 3, we use the fact l(x + c1 1 ) = l(x) + c and on line 5, we use the fact l(cx) = cl(x) for c ≥ 0 (see Proposition 2.1 (c) of Bouchard(2001) [4] ).
On line 3, we used l(x + y) ≥ l(x) + l(y) for x, y ∈ R (see, Proposition 2.1 (b) of Bouchard(2001) [4] 
where ∂u(X x,q , q; γ) which is subdifferential of u(X x,q , q; γ) at q, The same way is applicable for q ≤q,
This implies that u(X x,q , q; γ) is non-differentiable at q =q.
Q.E.D.
Lemma 3.3 u(q; x, γ) is convex function about q.
Proof For 0 ≤ t ≤ 1 and q, q ′ ∈ R,
On line 4, we use Hölder's inequality.
By (2), the utility indifference price is given by
Initial endowment x and risk-aversion γ is dependent on each investor's personal situation. Therefore, the utility indifference price p(B; x, q) is different from each other. Hereafter, we consider the characteristics of the utility indifference price around q = 0.
For deducing the utility indifference price at q = 0, we need to calculate as follows, 
We consider about it.
Lemma 3.4
When q → 0, the measure Q x,q converges to Q x,0 .
Proof From the definition of H[Q x,0 |P ], it holds that
We show the opposite inequality.
Since B is bounded, there is some constant K > 0 such that,
Therefore,
where we use that for x,
From non-negativity and convexity of relative entropy (c.f. Theorem 1.4.1. and Theorem 1.5.1. of Ihara(1993) [11] Q.E.D.
Proposition 3.5
The utility indifference price at quantity zero, that is p(B; x, 0), exists in the range such that,
) . 
Likewise, we calculate lim q↑0 p(B; x, q), as follows,
) ,
where we use q < 0.
By Proposition 3.5, the utility indifference price at q = 0 is given independently of the risk-aversion. Using this fact, we can attain the equilibrium in the market. Before this, we give a definition of market equilibrium as below. 
Definition 3.6 Let an economy specify the investors' preferences which is described by the utility function
U := {U i (·); U i (x) := −e −γix , i = 1, · · · ,
n}. Each investor's wealth is defined by their portfolio holdings
X = X x,L ∈ R d +
2.
∑ n i=1 q * i = 0.
Theorem 3.7
In the market with transaction costs, let every investors with different risk-aversions construct their strategies according to the utility indifference pricing. Furthermore, let initial endowments x be common for all investors, then equilibrium will be zero trade. The equilibrium price is given by p(B; 0) which exists in the range as follows,
) .
Proof
The case of q > 0 implies that the investor's strategy is selling the contingent claim B.
This means that p(B; x, q) > p(B; q ′ ). On the other hand, for q < q ′ < 0, it holds p(B; x, q) < p(B; q ′ ). That is, the utility indifference price is non decreasing if the investor is in sell side and the utility indifference price is non increasing if the investor is in buy side. It is well known that the utility indifference price is the threshold price. That is, from the sell side of contingent claims, the utility indifference price is a minimum price and from the buy side of contingent claims, the utility indifference price is a maximum price.
Since the utility indifference price at q = 0 is independent of risk-aversion, if initial endowments are common for all investors, the utility indifference price p(B; x, 0) is also common for all investors. So, utility indifference sell prices for any investor is more expensive than utility indifference buy prices for all investors. Therefore, the equilibrium is zero trade and the equilibrium price is given by p(B; x, 0).
Q.E.D.

Remark 3.8
In the above theorem, we assume that initial endowments are common for all investors. However, if initial endowments are different from each investor, utility indifference prices at q = 0 might be different from each other, because they exist in each range depending on each initial endowment.
More precisely, we consider n-investors with initial endowment {x i ; i = 1, · · · , n}. Each utility indifference price p(B; x i , 0) has ranges of price as p(B;
. Choose x * from {x i ; i = 1, · · · , n} and assume that for all i ∈ [1, n],
Likewise, choose x * and assume that for all i ∈ [1, n] ,
Then, for initial endowments 
) and
) might be different from each other.
This implies that a equilibrium price p 
Proof From the definition of subdifferential, any α q ∈ ∂u(q; x, γ) satisfies that Therefore, even if ∂u(q; x, γ) ∩ ∂u(0; x, γ) ̸ = ∅, the utility-based price at q > 0 is not smaller than the utility-based price at q = 0. The same logic is valid for the case q < 0. Therefore, the utility-based prices for sell side (q > 0) and the utility-based price for buy side (q < 0) are separated for all investors.
However, from the proof of Proposition 3.5, ∂u(0; x, γ) ∈
, which implies the equilibrium price exists between this range. Therefore, likewise Theorem 3.7, if initial endowments x are common for all investors, the equilibrium is given by zero trade, since the utility-based price given by ∂u(0; x, γ) is common for all investors.
Remark 3.10
One of the most natural expansions of the above model with transaction costs is to include randomness and time into transaction matrix (λ ij ); that is, considering (λ ij (t, ω)). In Kabanov(1999) [12] , this was indirectly introduced as bid-ask processes (π ij t ) ∈ Π t which were formulated by Schachermayer(2004) [17] . It is also possible to consider the model where asset processes are not necessarily continuous. In such a model, utility maximization problem has been considered by Campi and Owen (2010) [5] and Benedetti and Campi (2011) [1] . Although the utility function adopted by them is not defined on the whole real line, their model is, in a sense, generalized version of Bouchard (2002) [3] . Fortunately, the utility maximization problem in the model of Campi and Owen (2010) [5] and Benedetti and Campi (2011) [1] has the solution and the form of the solution is essentially same as the form of the solution of Bouchard (2002) [3] . This implies that our equilibrium approach will be applicable for the model formulated by Schachermayer (2004) , Campi and Owen (2010) [5] and Benedetti and Campi (2011) [1] . However, our approach to deduce the equilibrium in the generalized model will be done in future research, because our purpose in this paper is to deduce the feature of the equilibrium in the model with transaction costs by using a simple way.
